ABSTRACT A total labeling φ : V (G) ∪ E(G) → {1, 2, . . . , k} is called a vertex irregular total k-labeling of a graph G if different vertices in G have different weights. The weight of a vertex is defined as the sum of the labels of its incident edges and the label of that vertex. The minimum k for which the graph G has a vertex irregular total k-labeling is called the total vertex irregularity strength of G, denoted by tvs (G). In this paper we deal with the total vertex irregularity strength of uniform theta graphs and centralized uniform theta graphs. Theta graph is a closer representation of bipolar electric or magnetic fields so labeling of various theta graphs can help the law of physics in future.
I. INTRODUCTION
A graph labeling is an assignment of integers to the vertices or edges or both subject to certain condition(s). If the domain of the mapping is the set of vertices (or edges), then the labeling is called a vertex labeling (or an edge labeling). If the domain is V (G) ∪ E(G) then we call the labeling a total labeling. For an edge k-labeling φ : E(G) → {1, 2, . . . , k} the associated weight of a vertex given as x ∈ V (G) is
where the sum is taken over all vertices y adjacent to x. Chartrand et al. [10] introduced edge k-labeling φ of a graph G such that w φ (x) = w φ (y) for all vertices x, y ∈ V (G) with x = y. Such labelings were called irregular assignments and the irregularity strength s(G) of a graph G is known as the minimum k for which G has an irregular assignment using labels at most k. This parameter as elaborated in [5] , [6] , [9] , [11] and a detailed survey [12] , has sought considerable attention of many a prolific author.
Motivated by these papers, Bača et al. in [8] introduced an edge irregular total k-labeling and a vertex irregular total k-labeling. For a graph G = (V , E), a total k-labeling φ : V (G) ∪ E(G) → {1, 2, . . . , k} is defined to be a vertex irregular total k-labeling, if for every two distinct vertices x, y ∈ V (G) such that wt φ (x) = wt φ (y), where the weight of a vertex x ∈ E(G) is wt φ (x) = φ(x) + z∈N (x) φ(xz), where
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N (x) is the set of neighbors of x. The minimum k for which the graph G has a vertex irregular total k-labeling is called the total vertex irregularity strength of G, denoted by tvs(G).
In [8] several exact values and bounds of tvs(G) were determined for different types of graphs. Among others, the authors proved the following theorem.
Theorem 1 ( [8] ): Let G be a (|V (G)|, |E(G)|)-graph with minimum degree δ = δ(G) and maximum degree = (G). Then
Nurdin et al. [13] determined the better lower bound in the following theorem. Theorem 2 ( [13] ): Let G be a connected graph having n i vertices of degree i(i = δ, δ +1, δ +2, · · · , ) where δ and are the minimum and the maximum degree of G, respectively. Then
Przybylo [14] improved the results for sparse graphs and for graphs with large minimum degree. In the latter case the bounds tvs(G) < 
Some results on total vertex irregularity strength can be found in [1] , [2] , [4] , [13] . The main aim of this paper is to find an exact value of the total vertex irregularity strength of uniform theta graphs and centralized uniform theta graphs.
II. APPLICATIONS OF THETA GRAPHS AND MOTIVATION
Theta graph and its properties can be applied in bipolar electric or magnetic fields. Where longitudes of theta graphs are the representation of field lines. Field lines that are generated due to attraction among two charges reflects the electric or magnetic field and distance between two poles can influence the dipole moment. Labeling of theta graph for -vertices on each longitude can give an idea about the placement of vertices. These vertices can be viewed as free charges in the field and impact of poles on them according to distance. These days dipole antennas are heavily used in wireless communication, where the type of antenna fixed is based on its capacity of receiving and pushing power of radio waves that depend on the wavelength of the signal. Edge Irregular klabeling for vertices of theta graph ensures that edge weights are unique. This uniqueness can help to detect the place of fault. Keeping in view the configuration illustrated above, the researchers may take this mechanism into consideration in different ways.
III. TOTAL VERTEX IRREGULARITY STRENGTH OF UNIFORM THETA GRAPHS
Rajan et al. [15] In the next Lemma, we determined the lower bound of total vertex irregularity strength of uniform theta graphs.
Lemma 3: Let ( , m) be a uniform theta graphs, then
, for m ≥ 3 and ≥ 2. Proof 1: Since, the order of the uniform theta graphs ( , m) is m + 2 and maximum degree = m, minimum degree δ = 2. There are m vertices of degree 2 and 2 vertices of degree m. The smallest weight among all the vertices of ( , m) is at least 3, so the largest weight of vertex of degree 2 is at least m + 2. Since the weight of any vertex of degree 2 is the sum of 3 positive integers, so at least one label is at least m +2 3
. If we consider all the vertices of ( , m) then the lower bound
. This completes the proof.
In the following theorem, we determined the total vertex irregularity strength uniform theta graphs ( , m) with for m ≥ 3 and = 2. If m = 2 and ≥ 2, then the uniform theta graph ( , m) is isomorphic to cycle graph C m+2 and the total vertex irregularity strength of cycle graph is determined in [8] .
Theorem 4: Let ( , m) be a uniform theta graphs, then
, for m ≥ 3. Proof 2: Let us consider the vertex set and the edge set of (2, m) are
According to Lemma 3, we have tvs(
. It is enough to describe a suitable vertex irregular total k-labeling. We define a labeling φ :
. . , k} as:
It is easy to see that all vertex and edge labels are at most k and all the vertex weights are different for every pairs of different vertices. Thus the labeling φ is the desired vertex irregular total k-labeling. Therefore, the above constructions show that tvs( (2, m)) ≤ k, for m ≥ 3. Combining with the lower bounds, we conclude that tvs( (2, m)) = 2m+2 3
, for m ≥ 3.
In the next theorem, we determined the total vertex irregularity strength uniform theta graphs ( , m) with for m, ≥ 3.
Theorem 5: Let ( , m) be a uniform theta graphs, then
, for , m ≥ 3. Proof 3: Let us consider the vertex set and the edge set of ( , m) are
According to Lemma 3, we have tvs(
. . , k} as: Let us distinguish the labeling into two cases as follows:
This labeling gives the weight of the vertices as follows:
Case 2 (When Is Odd):
One can see that in both cases the weights of vertices under the labeling φ receive distinct labels and the maximum label used on vertices and edges is k =
IV. TOTAL VERTEX IRREGULARITY STRENGTH OF CENTRALIZED UNIFORM THETA GRAPHS
Putra and Susanti [17] constructed the centralized uniform theta graph by merging the north poles of p disjoint copies uniform theta graphs. The centralized uniform theta graphs is denoted by * ( , m, p) and for illustration of * (3, 5, 4) which is constructed from (3, 5) is shown in Figure 3 . Lemma 6: Let * ( , m, p) be a centralized uniform theta graphs, then tvs( * ( , m, p) . This completes the proof.
In the following theorem, we determined the total vertex irregularity strength of centralized uniform theta graphs * ( , m, p) for = 1, m = 3 and p ≥ 3. Theorem 7: Let * ( , m, p) be a centralized uniform theta graphs, then tvs( * (1, 3, p) 
Proof 5: Let us consider the vertex set and the edge set of * (1, 3, p) are
According to Lemma 6, we have tvs( * (1, 3, p) ) ≥ p + 1. It is enough to describe a suitable vertex irregular total (p + 1)-labeling. We define a labeling φ : 1 ,t ) = φ(x 2,1,t ) = φ(Nx 1,1,t ) = 1, φ(x 3,1,t ) = φ(Nx 2,1,t ) = φ(S t x 1,1,t ) = t and φ(Nx 3,1,t ) = φ(S t x 2,1,t ) = φ(S t x 3,1,t ) = p+1. This labeling gives the weight of the vertices as follows:
It is easy to see that all vertex and edges labels are at most p + 1 and the vertex weights are different for every pairs of different vertices. Thus the labeling φ is the desired total irregular (p + 1)-labeling. Therefore, the above constructions show that tvs( * (1, 3, p) ) ≤ p+1, for p ≥ 3. Combining with the lower bounds, we conclude that tvs( * (1, 3, p) 
Theorem 8: Let * ( , m, p) be a centralized uniform theta graphs, then tvs( * (1, 4, p) 
, for p ≥ 3. Proof 6: Let us consider the vertex set and the edge set of * (1, 4, p) are
According to Lemma 6, we have tvs( * (1, 4, p) ) ≥ . It is enough to describe a suitable vertex irregular total k-labeling. We define a labeling φ : V ( * (1, 4, p) ) ∪ E( * (1, 4, p) ) → {1, 2, . . . , k} as:
It is easy to see that all vertex and edge labels are at most 4p+2 3 and the vertex weights are different for every pairs of different vertices. Thus the labeling φ is desired total irregular k-labeling. Therefore, the above constructions show that tvs( * (1, 4, p) 
, for p ≥ 3. Combining with the lower bounds, we conclude that tvs( * (1, 4, p) 
From above two theorems, we observed that the lower bound of Lemma 6 for centralized uniform theta graphs is tight. Therefore, we suggest the following conjecture.
Conjecture 1: Let * ( , m, p) be centralized uniform theta graphs, then tvs( * (1, m, p) 
, for m ≥ 5, p ≥ 3. In the next two theorems, we determined the total vertex irregularity strength of centralized uniform theta graphs * ( , m, p) with = 2 and m = 2, 3. Theorem 9: Let * ( , m, p) be a centralized uniform theta graphs, then tvs( * (2, 3, p) 
Proof 7: Let us consider the vertex set and the edge set of * (2, 3, p) are
According to Lemma 6, we have tvs( * (2, 3, p)) ≥ 2p + 1. It is enough to describe a suitable vertex irregular total (2p + 1)-labeling. We define a labeling φ :
It is easy to see that all vertex labels are at most 2p + 1 and the vertex weights are different for every pairs of different vertices. Thus the labeling φ is the desired total irregular (2p + 1)-labeling. Therefore, the above constructions show that tvs( * (2, 3, p) ) ≤ 2p+1, for p ≥ 3. Combining with the lower bounds, we conclude that tvs( * (2, 3, p) 
Theorem 10: Let * ( , m, p) be a centralized uniform theta graphs, then tvs( * (2, 4, p) 
, for p ≥ 3. Proof 8: Let us consider the vertex set and the edge set of * (2, 4, p) are
According to Lemma 6, we have tvs(
. It is enough to describe a suitable vertex irregular total 8p+2 3 -labeling. We define a labeling φ :
It is easy to see that all vertex labels are at most k and the vertex weights are different for every pairs of different vertices. Thus the labeling φ is the desired total irregular k-labeling. Therefore, the above constructions show that tvs( * (2, 4, p)) ≤ 8p+2 3
, for p ≥ 3. Combining with the lower bounds, we conclude that tvs( * (2, 4, p) 
The centralized uniform theta graphs * ( , m, p) for m = 2 is isomorphic to the generalized friendship graph and its total vertex irregularity strength is determined in [3] . In the next theorem, we determined the total vertex irregularity strength of * ( , 3, p), for p ≥ 3.
Theorem 11: Let * ( , m, p) be a centralized uniform theta graphs, then tvs( * ( , 3, p) 
Proof 9: Let us consider the vertex set and the edge set of * ( , 3, p) are
According to Lemma 6, we have tvs( * ( , 3, p) ) ≥ p + 1. It is enough to describe a suitable vertex irregular total ( p + 1)-labeling. We define a labeling φ : V ( * ( , 3, p) ) ∪ E( * ( , 3, p) ) → {1, 2, . . . , p + 1} as: φ(N ) = φ(S t ) = p + 1, φ(x i,j,t ) = j + (t − 1) , for i = 1, 2, 3, 1 ≤ t ≤ p, 1 ≤ j ≤ , φ(Nx i,1,t ) = 1, for i = 1, 2 1 ≤ t ≤ p p + 1, for i = 3, 1 ≤ j ≤ 2, 1 ≤ t ≤ p φ(S t x i, ,t ) = t, for i = 1, 1 ≤ t ≤ p p + 1, for i = 2, 3, 1 ≤ t ≤ p For 1 ≤ j ≤ − 1, 1 ≤ t ≤ p. φ(x 1,j,t x 1,j+1,t ) = 1, φ(x 2,j,t x 2,j+1,t ) = p + 1, when j and has the same parity. φ(x 2,j,t x 2,j+1,t ) = 1, when j and has the different parity. φ(x 3,j,t x 3,j+1,t ) = p + 1. This labeling gives the weight of the vertices as follows: wt φ (x i,j,t ) = j + 2 + (t − 1)
wt φ (S t ) = t + 3( p + 1), for 1 ≤ t ≤ p. wt φ (N ) = 2p+( p+1)(p+1). It is easy to see that all vertex labels are at most p + 1 and the vertex weights are different for every pairs of different vertices. Thus the labeling φ is the desired total irregular ( p + 1)-labeling. Therefore, the above constructions show that tvs( * ( , 3, p) ) ≤ p + 1, for p ≥ 3. Combining with the lower bounds, we conclude that tvs( * ( , 3, p)) = p + 1, for p ≥ 3.
From the above theorems, we observed that the lower bound of Lemma 6 for centralized uniform theta graphs is tight. Therefore, we suggest the following conjecture.
Conjecture 2: Let * ( , m, p) be a centralized uniform theta graphs, then tvs( * ( , m, p) 
, for , m, p ≥ 3.
V. CONCLUSION
To determine the exact value of the edge irregularity strength for graphs is a complicated task. In this paper we obtained the total vertex irregularity strength of theta graphs ( , m). We also determined the exact value of total vertex irregularity strength of centralized uniform theta graphs * ( , m, p), for = 1, 2, m = 3, 4, p ≥ 3. Moreover, we conjecture that the lower bound of total vertex irregularity strength of centralized uniform theta graphs * ( , m, p) , for , m, p ≥ 3 is tight.
